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Using a method of characterizing entanglement in the framework of quantum field theory, we
investigate the optical generation and quantitative characterizations of quantum entanglement in an
electron-hole system, in presence of spin-orbit coupling, and especially make a theoretical analysis
of a recent experimental result. Basically, such entanglement should be considered as between
occupation numbers of single particle basis states, and is essentially generated by coupling between
different single particle basis states in the second quantized Hamiltonian. Interaction with two
resonant light modes of different circular polarizations generically leads to a superposition of ground
state and two heavy-hole excitonic states. When and only when the state is a superposition of only
the two excitonic eigenstates, the entanglement reduces to that between two distinguishable particles,
each with two degrees of freedom, namely, band index, as characterized by angular momentum, and
orbit, as characterized by position or momentum. The band-index state, obtained by tracing over
the orbital degree of freedom, is found to be a pure state, hence the band-index and orbital degrees
of freedom are separated in this state. We propose some basic ideas on spatially separating the
electron and the hole, so that the entanglement of band-indices, or angular momenta, is between
spatially separated electron and hole.
PACS numbers: 03.67.Mn, 71.35.-y
I. INTRODUCTION
As an essential quantum characteristic, quantum en-
tanglement refers to non-factorization of the state of a
composite system in terms of states of subsystems [1]. It
is of fundamental importance for quantum information
and quantum foundations [2]. In addition to such sys-
tems as photons, atoms and trapped ions, large amount
of work is also going on in generating entanglement in
condensed matter systems. Investigations are made on
generating and separating entangled electron-electron [3]
or electron-hole [4, 5, 6, 7] pairs in solid states. There
is also a lot of proposals of using excitons for quantum
information processing [8, 9, 10]. Very recently, coherent
optical control of a biexciton in a quantum dot is also re-
ported [11]. It should be noted however that microscopic
electronic entanglement is ubiquitous in many-electron
systems and is closely related to the physical properties of
condensed matter [12]. Nevertheless, current researches
on entanglement generation in solid states, largely in
mesoscopic systems, have some special merits or aims
such as controllability and spatial separation.
For an existing electron-hole pair, one can directly
study their entanglement by using the well-known
method for distinguishable particles. However, this ap-
proach has limited validity. This is because electron-hole
pairs are excitations, or quasi-particles, of the many-
particle system, and one needs to consider larger Hilbert
space when their creation and annihilation are involved.
For example, the state generated in [4], as well as the
state in the proposal in [6], have a ground state compo-
nent, in which there is no excited electron or hole at all.
Hence an explanation based on the approach of entan-
glement of distinguishable particles is not sufficient.
Therefore we need to understand entanglement in the
framework of quantum field theory. Such an approach
was made in [12], where it was applied to investigate en-
tanglement in many-particle physics. For a system of
identical particles, entanglement, as the correlation be-
yond permutation symmetry, can be defined in terms
of occupation numbers of different single particle basis
states or modes [13, 14, 15]. To generate occupation-
number entanglement, it is the coupling between differ-
ent single particle basis states, rather than interaction
between particles, that is essential. We would like to
note that photon entanglement [16] is fundamentally also
occupation-number entanglement, and is thus generated
by the mode-mode coupling. The usual description in
terms of distinguishable particles is valid only as a lim-
iting case, because there is a degree of freedom, e.g. the
direction of movement, effectively distinguishes the pho-
tons, and they become distinguished after separation.
Electron-hole entanglement is basically an occupation-
number entanglement in the many-electron system, and
can be simplified to entanglement between distinguish-
able quasi-particles when and only when there is one elec-
tron and one hole in each component of the state. Indeed,
it can be seen that mode-mode coupling underlies the en-
tanglement generation in [4, 5, 6]. In the situation stud-
ied by [7], the mode corresponds to the position, hence
entanglement can be caused merely by the hopping.
In this paper, we make a theoretical account of the
physics underlying the excellent experimental result in
[4], and make a detailed analysis on the entanglement and
its generation in this electron-hole system, with the spin-
orbit coupling taken into account. Basically, the state
generated by the coupling with the two laser fields of dif-
ferent circular polarizations is a coherent superposition of
2the ground state and two excitonic eigenstates. Coulomb
interaction makes the biexcitonic state off-resonant, but
this is irrelevant to the necessity of interaction of parti-
cles in generating entanglement between distinguishable
particles. Occupation-number entanglement is still gen-
erated if the Coulomb interaction is negligible, and if
only one light mode is present. When the state does not
have the ground state component, the superposition of
the two excitonic eigenstates can be described in terms
of two distinguishable particles. Interestingly, the band-
index state, as obtained by tracing out the orbital degrees
of freedom, i.e. the Bloch wavevectors or the positions,
is found to be a pure state in this case. We briefly pro-
pose several methods to spatially separate the electron
and the hole, making band-index entanglement (i.e. en-
tanglement in angular momenta and in effective masses)
nonlocal in positions.
The rest of this article is organized in the following
way. In Sec. II, we make an introduction to the method of
entanglement characterization in the framework of quan-
tum field theory. In Sec. III, as a preliminary, we discuss
electron-hole entanglement in absence of spin-orbit cou-
pling. Then in Sec. IV, using field theory, we give the
theoretical account of the physical process underlying the
experiment in Ref. [4]. The entanglement in the resulting
state is characterized in Sec. V. Some basic ideas about
spatially separating the electron and hole are described
in Sec. VI. A summary is made in Sec. VII.
II. ENTANGLEMENT IN QUANTUM FIELD
THEORY
We first make an overview of the method of entan-
glement characterization in quantum field theory, in the
setting of condensed matter physics [12].
In terms of occupation numbers of single particle states
for a chosen single particle basis, a many-particle state
can be expressed as
|ψ〉 =
∑
n1,···,n∞
f(n1, · · · , n∞)|n1, · · · , n∞〉, (1)
where ni is the occupation number of single particle state
i, |n1, · · · , n∞〉 ≡ a†1
n1 · · ·a†∞n∞ |0〉.
Choosing a different single particle basis means par-
titioning the system into a different set of subsystems,
based on which the entanglement is then defined. But
once a single particle basis is chosen, the entanglement is
invariant under any unitary operation on individual sin-
gle particle basis states, i.e. when there is no coupling
between different single particle basis states. In other
words, in the present case, the meaning of “local opera-
tions” as previously used in quantum information theory
is generalized to operations on the corresponding single
particle basis states, as indexed by the subscript i above.
Of course, it is constrained that some kinds of generalized
“local” unitary operations do not exist physically.
Once this generalization of the meaning of subsystems
and local operations is made, the usual method of calcu-
lating the amount of entanglement, as developed in quan-
tum information theory can be applied. Quantitatively,
one considers the Fock-state reduced density matrix of a
set of single particle basis states 1, · · · , l,
〈n′1, · · · , n′l|ρl(1 · · · l)|n1, · · · , nl〉 ≡∑
nl+1,···,n∞〈n′1, · · · , n′l, nl+1, n∞|ρ|n1, · · · , nl, nl+1, n∞〉.
(2)
Its von Neumann entropy measures the entanglement of
this set of single particle basis states and the rest of the
system. This is a use of the well-known result for a pure
state of a composite system, the entanglement between a
subsystem A and the rest of the system is quantified as
the von Neumann entropy of the reduced density matrix
of A, SA = −trAρA ln ρA [17].
One can also define the entanglement relative to the
ground state|G〉, by only considering the excited parti-
cles. Then ni in (2) is understood as the number of the
excited particles, which are absent in the ground state
|G〉, i.e. |n1, · · · , n∞〉 ≡ a†1
n1 · · · a†∞
n∞ |G〉.
Now we proceed to dynamics. In general, for a system
with two subsystems A and B, the Hamiltonian is always
of the form
H = HA +HB +HAB, (3)
where HA only acts on A, HB only acts on B, while
HAB acts on both A and B. If HAB = 0, then
an initial non-entangled state |φA〉 ⊗ |φB〉 evolves to
exp(−iHAt)|φA〉⊗ exp(−iHBt)|φB〉 at any time t, which
is still non-entangled. Hence the coupling term HAB is
necessary for entanglement generation. For two distin-
guishable particles, A and B can directly represent these
two particles.
Here we consider the non-relativistic field theory. The
Hamiltonian is
H = ∫ d3rψˆ†(r)h(r)ψˆ(r) + ∫ d3rψˆ†(r)h′(r)ψˆ(r)
+ 12
∫
d3r
∫
d3r′ψˆ†(r)ψˆ†(r′)V (r, r′)ψˆ(r′)ψˆ(r),
(4)
where h(r) is the single particle Hamiltonian including
the kinetic energy, h′(r) is some external potential which
is not included in h(r), for example, the coupling with
electromagnetic field, andV (r, r′) is the particle-particle
interaction. The reason for separating h′ from h will be
clear below. The field operator ψˆ(r) can be expanded
in an arbitrarily chosen single particle basis as ψˆ(r) =∑
i φi(r)ai, where i is the collective index of the single
particle state, which may include spin if needed, φi(r) is
the single particle wavefunction in position space.
In the form of (3), the Hamiltonian can be written as
H = ∑
ij
〈i|h|j〉a†iaj
+
∑
ij
〈i|h′|j〉a†iaj + 12
∑
ijlm
〈ij|V |lm〉a†ia†jamal,
(5)
3Thus the index i, denoting single particle basis states,
defines distinguishable subsystems.
Now that the entanglement is that between single par-
ticle basis states, its generation needs, in the Hamiltonian
H, coupling between different single particle basis states.
Therefore, even if V = 0 and h′ = 0, as far as 〈i|h|j〉 6= 0,
H can still generate occupation-number entanglement be-
tween single particle basis state i and j. Examples of this
case include the tunnelling problem and hopping between
Wannier basis states.
However, in many cases, the single particle state is
defined by the eigenstates of h. For example, electrons
and holes corresponding to band structure, i.e. Bloch
states. In this single particle basis, which we call proper
single particle basis, hφµ = ǫµφµ,
∫
d3rψˆ†(r)h(r)ψˆ(r) =∑
µ ǫµa
†
µaµ, whose eigenstates are of the form ⊗µ|nµ〉,
where µ is the collective index of the proper single par-
ticle basis. Therefore in the proper single particle basis,
entanglement can only be caused by h′ or by V if they
couple different modes. Note that only V is particle-
particle interaction.
When there are more than one index in the single par-
ticle basis, one of the indices can be used as the tag ef-
fectively distinguishing the particles, and the other in-
dices determine whether they are entangled in these de-
grees of freedom. With this effective distinguishability,
the state in the configuration space of the remaining
degrees of freedom can be directly obtained from the
second-quantized state. For example, in 1√
2
(a†k′↑a
†
k↓ +
a†
k′↓a
†
k↑)|0〉, where k′ and k represent momenta, one can
say that the particle in |k′〉 and the particle in |k〉 are
spin-entangled. One can also say that the particle in | ↑〉
and the particle in | ↓〉 are momentum-entangled. With
the momentum as the distinguishing tag, the state can be
written as 1√
2
(| ↑〉k′ | ↓〉k+| ↑〉k′ | ↓〉k), with spin entangle-
ment. Alternatively, with the spin as the distinguishing
tag, the state can be written as 1√
2
(|k′〉↑|k〉↓+ |k〉↑|k′〉↓),
with momentum entanglement.
III. ELECTRON-HOLE ENTANGLEMENT IN
ABSENCE OF SPIN-ORBIT COUPLING
The ground state of an electron gas is |G〉 =∏|k|<kF
k a
†
k↑a
†
k↓|0〉, where kF is the Fermi momentum.
This is clearly a non-entangled state. One can introduce
the hole operator b†ks = a−k−s for |k| < kF (we use s and−s to represent the two spin states). An excited state is
obtained by creating particle-hole pairs from the ground
state. The state a†
ksb
†
k′s′ |G〉, with |k| > kF > |k′|, is
separable. But there is maximal entanglement in state
1√
2
(a†k↑b
†
k′↓ + a
†
k↓b
†
k′↑)|G〉. This state can be written as
1√
2
(a†k↑a
†
−k′↓ + a
†
k↓a
†
−k′↑)
∏p 6=−k′
|p|<kF a
†
p↑a
†
p↓|0〉, from which
it can be seen that with respect to the empty state, the
entanglement is between the excited electron state and
the one in the same level as the emptied state but with
opposite spin. But with respect to the ground state, it
is simply electron-hole entanglement. An electron and a
hole, by definition, correspond to different single particle
states, and can be regarded as distinguishable particles.
Consider one electron is excited from a valence band
to a conduction band. An eigenstate of this excitation,
an exciton, in the absence of spin-orbit coupling, is
∑
k,k′
Ak,k′ |S, Sz〉k,k′ ,
where |S, Sz〉k,k′ represents three triplet states
as the ground states, |1, 1〉k,k′ = a†k↑b†k′↑|G〉,
|1, 0〉kk′ = 1√2 (a
†
k↑b
†
k′↓ − a†k↓b†k′↑)|G〉 and
|1,−1〉k,k′ = a†k↓b†k′↓|G〉, and one singlet state
|0, 0〉k,k′ = 1√2 (a
†
k↑b
†
k′↓ + a
†
k↓b
†
k′↑)|G〉. Ak,k′ is de-
termined by the Schro¨dinger equation in momentum
representation, (E0c + h¯
2k2/2me + E0v + h¯
2k2/2mh −
E)Ak,k′−
∑
q,q′(V
cvvc
k−k′−q′q−V cvcvk−q′q−k′)Aq,q′ = 0, where
E0c is the bottom of the conduction electron band, E0v
is the top of the valence hole band, V µνσδk1k2k3k4 =∫
φµk1(r)φνk2 (r
′)V (r − r′)φσk3 (r′)φδk4(r)d3rd3r′, µ, ν,
σ and δ represent band indices.
Consider
∑
k,k′ Ak,k′
1√
2
(a†k↑b
†
k′↓ ± a†k↓b†k′↑)|G〉. The
occupation-number entanglement between the electron
basis state |k, ↑ (↓)〉e and the rest of the system is
−(αk/2) ln(αk/2)− (1−αk/2) ln(1−αk/2), where αk′ =∑
k |Ak,k′ |2. The occupation-number entanglement be-
tween the hole basis state |k′, ↓ (↑)〉h and the rest of the
system is −(αk′/2) ln(αk′/2)− (1−αk′/2) ln(1−αk′/2).
On the other hand, because the electron and the hole
are effectively distinguishable, these states can be writ-
ten, in the configuration space, as
∑
k,k′
Ak,k′|k〉|k′〉|S, Sz〉.
So the orbital and spin degrees of freedom are separated,
as consistent with the presumption that spin-orbit cou-
pling is neglected. The entanglement in the spin state
|S, Sz〉 is well-known.
But note that when a state is a superposition of ground
state, where occupation-numbers of the relevant electron
and hole states are zero, and excitonic states, the en-
tanglement cannot be treated as entanglement between
distinguishable particles.
An electron-hole pair can be generated by electron-
light coupling, which corresponds to h′ in (5). This un-
derlies the experimental result in [4]. A theoretical study
is made below, with spin-orbit coupling taken into ac-
count.
IV. PHYSICAL PROCESS WITH SPIN-ORBIT
COUPLING
Now we study the physical process underlying the ex-
periment in [4]. We shall consider coupling with lights
4which are only relevant to the two conduction bands c1
and c2, and the two heavy-hole bands h1 and h2. For
these four bands, the total angular momentum (j,mj) is,
respectively, (12 ,
1
2 ), (
1
2 ,− 12 ), (32 , 32 ), (32 ,− 32 ). The neglect
of other bands only affects the microscopic expressions of
some effective parameters, and the ground state energy,
which is not relevant. This band structure is a conse-
quence of spin-orbit coupling, i.e. the spin-orbit cou-
pling has been included in the one-particle Hamiltonian
h(r) as in Eq. (4). The field operator ψˆ(r) can be ex-
panded as
∑
ik[aikφcik(r) + b
†
i−kφhik(r)], where i = 1, 2,
aik is the electron annihilation operator for the band ci,
bi−k ≡ a†ik is the hole annihilation operator for band hi.
Consequently, the field theoretical Hamiltonian He is re-
duced to
He = E0 +
∑
i
∑
kEcika
†
ikaik +
∑
i
∑
k
Ehikb
†
ikbik
+ 12
∑
ij
∑
kµkνkσkδ
V cicjcjcikµkνkσkδa
†
ikµ
a†jkνajkσaikδ
+ 12
∑
ij
∑
kµkνkσkδ
V hihjhjhi−kµ−kν−kσ−kδb
†
ikδ
b†jkσbjkν bikµ−
∑
ij
∑
kµkνkσkδ
(V cihjhjcikµ−kν−kσkδ − V
cihjcihj
kµ−kνkδ−kσ )a
†
ikµ
aikδb
†
jkσ
bjkν ,
where i = 1, 2, j = 1, 2, E0 is the ground state
energy, V µνσδkµkνkσkδ =
∫
d3rd3r′φ∗µkµ(r)φ
∗
νkν
(r′)V (r −
r′)φσkσ (r
′)φδkδ (r) is the matrix element of Coulomb in-
teraction V between single particle states indexed by
band index and Bloch wavevector. Originally there is de-
generacy between the two conduction bands and between
the two heavy-hole bands. But in accordance with the ex-
periment [4], here it is assumed that the degeneracy has
been removed by coupling with a perturbative magnetic
field, which is included in the single particle Hamiltonian,
which also includes the kinetic energy and spin-orbit cou-
pling. The lifting of degeneracy allows the use of effec-
tive mass theory for non-degenerate bands, which says
Ecik = Eci0 + h¯
2k2/2mci and Ehik = Ehi0 + h¯
2k2/2mhi,
where mci and mhi are effective masses.
Taking into consideration the angular momentum se-
lection rule in their generation, the relevant low-lying
eigenstates of He are the following: First, the ground
state |G〉; second, the single-exciton state made up of an
electron in c1 band and a hole in h1 band,
|S1〉 = ∑k,k′ Φ1(k,k′)a†1kb†1k′ |G〉
=
∫ ∫
drdr′Ψ1(r, r′)a
†
1rb
†
1r′ |G〉,
with energy E0+E1; third, the single-exciton state made
up of an electron in c2 band and a hole in h2 band,
|S2〉 = ∑k,k′ Φ2(k,k′)a†2kb†2k′ |G〉
=
∫ ∫
drdr′Ψ2(r, r′)a
†
2rb
†
2r′ |G〉,
with energy E0+E2; fourth, the biexciton state made up
of an electron in c1 band, an electron in c2 band, a hole
in h1 band, and a hole in h2 band,
|B〉 = ∑
k1,k′1,k2,k
′
2
ΦB(k1,k
′
1,k2,k
′
2)a
†
1k1
b†1k′1a
†
2k2
b†2k′2 |G〉
=
∫ ∫ ∫ ∫
dr1dr
′
1dr2dr
′
2ΨB(r1, r
′
1, r2, r
′
2)
×a†1r1b†1r′1a
†
2r2
b†2r′2 |G〉,
with energy E0+EB . The wavefunctions of these exciton
and biexciton states are the lowest bound state wavefunc-
tions of the corresponding stationary Schro¨dinger equa-
tions.
Now consider the coupling with light. For a light
A(r) = ηq(Aqe
iq·r−iωqt + A∗qe
−iq·r+iωqt), where ηq is
the unit polarization vector, q ≈ 0, the electron-light
coupling Hamiltonian is
Heq =
∫
ψ†(r)dr[− emp ·A(r)]ψ(r)dr
= − em
∑
µνk(Mµνkqa
†
µkaνkAqe
−iωqt +H.c.),
where Mµνkq =
∫
cell
dru∗µk(r)p · ηquνk(r). This remains
unchanged in presence of a magnetic field, which is about
constant in the crystal unit cell, since
∫
cell
dru∗µk(r)uνk =
0.
In the present situation, consider the coupling with
two circularly polarized monochromatic lights [4]. One is
with ηq1 = (−ex− iey)/
√
2, Mµνkq1 6= 0 only for µ = c1,
ν = h1. Its interaction with electrons is
Heq1 = − e
m
∑
k
(Mc1h1kq1a
†
1kb
†
1−kAq1e
−iωq1t +H.c.).
The other light is with ηq2 = (ex − iey)/
√
2 Mµνkq2 6= 0
only for µ = c2, ν = h2. Its interaction with electrons is
Heq2 = − e
m
∑
k
(Mc2h2kq2a
†
2kb
†
2−kAq2e
−iωq2t +H.c.).
With the interaction with these two light modes, the
total Hamiltonian is
H = He +Heq1 +Heq2. (6)
Under H, the electronic state |Ψ(t)〉 is determined by
ih¯
∂|Ψ(t)〉
∂t
= H|Ψ(t)〉. (7)
In terms of the four relevant eigenstates of He, |Ψ(t)〉 can
be expanded as
|Ψ(t)〉 = fG|G〉+ fS1e−iE1t/h¯|S1〉+ fS2e−iE2t/h¯|S2〉
+fBe
−iEBt/h¯|B〉,
where the coefficients fk are determined by
ih¯
∂fk(t)
∂t
=
∑
n
fn(t)e
−i(En−Ek)t/h¯(〈k|Heq1|n〉+〈k|Heq2|n〉),
(8)
as obtained from (7). The initial condition is fG(0) = 1.
5Note that the only non-vanishing matrix elements of
Heq11 and Heq2 are
〈S1|Heq1|G〉 = − e
m
∑
k
Φ∗1(k,−k)Mc1h1kq1Aq1e−iωq1t,
〈S2|Heq2|G〉 = − e
m
∑
k
Φ∗2(k,−k)Mc2h2kq2Aq2e−iωq2t,
〈B|Heq2|S1〉 = − em
∑
k,k1,k′1
Φ∗B(k1,k
′
1,k,−k)
×Φ1(k1,k′1)Mc2h2kq2Aq2e−iωq2t,
〈B|Heq1|S2〉 = − em
∑
k,k2,k′2
Φ∗B(k,−k,k2,k′2)
×Φ2(k2,k′2)Mc1h1kq1Aq1e−iωq1t,
and their transposes.
In the perturbative expansion, fk =
∑
j f
(j)
k ,
where j represents the order of perturbation. Thus,
ih¯∂f
(j)
k (t)/∂t =
∑
n exp[−i(En − Ek)t/h¯](〈k|Heq1|n〉 +
〈k|Heq2|n〉)f (j−1)n . Therefore, in each term of f (j),
there should be a product of j matrix elements
of Heq1 or Heq2, in terms of j − 1 intermediate
states connecting initial state |G〉 and state |k〉., i.e.
〈k|H1|n1〉〈n1|H2|n2〉 · · · 〈nj−1|Hk|G〉, where eachHi (i =
1, · · · k) is either Heq1 or Heq2.
From this, it can be seen that fB(t) approaches
zero quickly with time. First, due to angular momen-
tum selection rule, fB(t) exactly vanishes in odd or-
ders, where there must be 〈B|Heq1 + Heq2|G〉, which
is zero. Second, it can be seen that given h¯ωqi = Ei
while EB 6= E1 + E2 due to Coulomb interaction, each
even order, involving integrals over time, approaches
zero quickly with time. This is, of course, the off-
resonance effect. In contrast, fSi(t) is nonvanishing
and becomes appreciable for sufficiently long time, be-
cause of resonance h¯ωqi = Ei. The first order result
is fS1(t) ≈ eh¯m
∑
k Φ
∗
1(k,−k)Mc1h1kq1Aq1 e
i(E1/h¯−ωq1)t−1
ωG,S1−ωq1
(and the similar expression for fS2), which can easily
lead to the well-known Eliot formula of the transition
rate, which is usually derived in a different way.
The point we particularly want to emphasize is that
although Coulomb interaction prevents the appearance
of |B〉, it is irrelevant to the situation that interaction of
particles is needed to generate entanglement between dis-
tinguishable particles. The entanglement in the present
case is that of occupation numbers, whose generation de-
pends on the coupling between single particle basis states,
which is offered here by the electron-light interaction. In
fact, occupation-number entanglement still exists even
when the state is a superposition of the ground state
and one single-excitonic eigenstate, or even simply in a
single-excitonic eigenstate. If Coulomb interaction is neg-
ligible, the states generated by the two lights are two in-
dependent states, each being a superposition state of the
ground state and an single-excitonic eigenstate, in which
there exists occupation-number entanglement.
In general, interactions of particles is not necessary
unless the single particle basis states are the eigenstates
of the single particle Hamiltonian. In the case of optical
control, the single particle Hamiltonian which defines the
single particle basis does not include the electron-light
interaction, which thus couples different single particle
basis states.
V. ENTANGLEMENT CHARACTERIZATION
OF THE SUPERPOSITION OF DIFFERENT
EXCITONIC STATES
In the preceding section, we have shown that the state
generated must be of the form
|Ψ〉 = gG|G〉+ gS1|S1〉+ gS2|S2〉, (9)
which was obtained in the experiment, as indicated by
the interference line shape in the coherent nonlinear re-
sponse, using the two light modes as pump and probe
fields respectively [4].
Now we analyze the entanglement in the state |Ψ〉 in
Eq. (9). In details of the occupation-numbers of the sin-
gle electron or hole basis states at the four relevant bands,
|Ψ〉 = gG
∏
k1k
′
1
|0〉c1k1 |0〉h1k′1
∏
k2k
′
2
|0〉c2k2 |0〉h2k′2
+gS1
∑
k1k
′
1
Φ1(k1,k
′
1)|1〉c1k1 |1〉h1k′1
× ∏
k1k
′
1
|0〉c1k1 |0〉h1k′1
∏
k2k
′
2
|0〉c2k2 |0〉h2k′2
+gS2
∏
k1k
′
1
|0〉c1k1 |0〉h1k′1
× ∑
k2k
′
2
Φ2(k2,k
′
2)|1〉c2k2 |1〉h2k′2
∏
k2k
′
2
|0〉c2k2 |0〉h2k′2 ,
where ki 6= ki, k′i 6= k′i.
As explained in Sec. II, in the present case, the sub-
systems are single particle basis states, and the re-
duced density matrices and the entanglement are those of
occupation-numbers. For example, the reduced density
matrix of the occupation-number of |ciki〉 is
〈n|ρciki |n′〉 =
∑
nl···n∞
〈n, nl · · ·n∞|Ψ〉〈Ψ|n′, nl · · ·n∞〉,
(10)
where l, · · · ,∞ represent all the single particle basis
states other than |ciki〉.
The entanglement between |ciki〉 and the rest of the
system is thus, as the von Neumann entropy of (10)
Sciki = −αiki lnαiki − (1− αiki) ln(1− αiki).
This is obtained by considering 〈1|ρciki |1〉 = αiki =
|gSi|2
∑
k′
i
|Φi(ki,k′i)|2, 〈0|ρciki |0〉 = 1 − αiki , and that
ρciki is diagonal in the basis (|0〉, |1〉), basically for the
reason that whenever |ciki〉 is occupied, there is always
an occupied hole band state. Similarly, the entanglement
between |hik′i〉 and the rest of the system is
Shik′
i
= −αik′
i
lnαik′
i
− (1− αik′
i
) ln(1− αik′
i
),
6where αik′
i
= |gSi|2
∑
ki
|Φi(ki,k′i)|2. The entanglement
between |ciki〉|hik′i〉 and the rest of the system can be
calculated to be
Sciki,hik′i = −|gSiΦi(ki,k′i)|2 ln |gSiΦi(ki,k′i)|2−γiki ln γiki − γik′i ln γik′i−(1− γiki − γik′i) ln(1 − γiki − γik′i),
where γiki = |gSi|2
∑
q′
i
6=k′
i
|Φi(ki,k′i)|2, γik′i =
|gSi|2
∑
qi 6=ki |Φi(ki,k′i)|2.
Note that these three results are valid no matter
whether the gG and gSj (j 6= i) are 0 or not, which only
affects the value of 1−αiki and 1−αik′i . When gSj = 0,
no matter whether gG = 0, the single particle basis states
with index j become separated out. Replacing Φi(ki,k
′
i)
by Ψi(r, r), one obtains entanglements concerning |cir〉
and |hir′〉, i.e. when the modes are defined by positions
rather than wave vectors.
When and only when gG = 0 while both gS1 and gS2 are
nonzero, the nature of entanglement can be accounted in
terms of two existing distinguishable particles: one elec-
tron and one hole. In the present case, the basis states
of the electron and the hole are spinors. There are two
degrees of freedoms, the band index (i.e. angular mo-
mentum and effective mass) and the orbit (position or
wavevector). The effective state of the two distinguish-
able particles is
|Ψ〉 = ∑
k,k′
[gS1Φ1(k,k
′)|c1〉|h1〉
+gS2Φ2(k,k
′)|c2〉|h2〉]⊗ |k〉|k′〉
=
∫ ∫
[gS1Ψ1(r, r
′)|c1〉|h1〉
+gS2Ψ2(r, r
′)|c2〉|h2〉]⊗ |r〉|r′〉d3rd3r′,
where |ci〉, k and r are for the electron, |hi〉, k′ and r′
are for the hole. The reduced density matrix of the hole,
ρh ≡
∑
k
∑
i〈ci|〈k|Ψ〉〈Ψ|k〉|ci〉
≡ ∑i
∫
d3r〈ci|〈r|Ψ〉〈Ψ|r〉|ci〉
is
∑
k,k′,k′′,i
|gSi|2Φi(k,k′)Φ∗i (k,k′′)|hi〉〈hi| ⊗ |k′〉〈k′′|
=
∑
i
∫
d3r
∫
d3r′
∫
d3r′′|gSi|2Ψi(r, r′)Ψ∗i (r, r′′)
×|hi〉〈hi| ⊗ |r′〉〈r′′|
. The entanglement between the electron and the hole is
quantified to be Sh = −trρh ln ρh.
The orbital state, obtained by tracing out the band
indices, is
ρorbits =
∑
k,k′ [|gS1|2|Φ1(k,k′)|2 + |gS2|2|Φ2(k,k′)|2]
×|k〉〈k| ⊗ |k′〉〈k′|
=
∫ ∫
[|gS1|2|Ψ1(r, r′)|2 + |gS2|2|Ψ2(r, r′)|2]
×|r〉〈r| ⊗ |r′〉〈r′|d3rd3r′,
which is presumably a bipartite mixed state of continuous
variables, with each part living in an infinite dimensional
Hilbert space, for which there is not yet an analytical
entanglement measure.
The most interesting and experimentally detectable
entanglement, which is indeed the one detected in the
[4], is that between the band indices, after the Bloch
wavevector or position wavefunction is traced out. The
density matrix of the band-index state is thus
ρbands = |gS1|2|h1〉〈h1| ⊗ |c1〉〈c1|
+gS1g
∗
S2x|h1〉〈h2| ⊗ |c1〉〈c2|
+gS2g
∗
S1x
∗|h2〉〈h1| ⊗ |c2〉〈c1|
+|gS2|2|h2〉〈h2| ⊗ |c2〉〈c2|,
where x ≡ ∑k,k′ Φ1(k,k′)Φ∗2(k,k′) ≡∫
Ψ1(r, r
′)Ψ∗2(r, r
′)d3rd3r′ is the overlap between
the wavefunctions of the two excitonic eigenstates.
Presumably, ρbands, like ρorbits, is also a mixed state.
However, interestingly
Ψ1(r, r
′) = Ψ2(r, r′) ≡ Ψ(r, r′),
and
Φ1(k,k
′) = Φ2(k,k′) ≡ Φ(k,k′),
because both Ψ1 and Ψ2, or both Φ1 and Φ2, are the low-
est bound state wavefunctions, which is independent of
the effective masses, which only affect the energy. Hence
|x| = 1.
Therefore, both ρorbits and ρbands become pure states.
In other words, in the state gS1|S1〉+gS2|S2〉, band index
and orbital degrees of freedom become separable. Conse-
quently, the total entanglement between the electron and
the hole is the sum of the entanglement in the orbital and
that in band-index states.
The orbital state is ρbands = |φ〉〈φ|, with
|φ〉 = ∑k,k′ Φ(k,k′)|k〉|k′〉
=
∫ ∫
Ψ(r, r′)|r〉|r′〉drdr′,
in which the entanglement is quantified as the von Neu-
mann entropy of the reduced density matrix of either the
electron or the hole obtained from the orbital wavefunc-
tion.
The band index state is ρbands = |ψ〉〈ψ|, with
|ψ〉 = gS1|c1〉|h1〉+ gS2|c2〉|h2〉. (11)
Hence the band-index entanglement between the electron
and the hole is
Sbands = −|gS1|2 ln |gS1|2 − |gS2|2 ln |gS2|2.
A speciality here is that the state is a superposition of
two eigenstates with different angular momenta, which
can be probed by using magnetic field, as well as different
effective masses, which can be probed by using cyclotron
resonance.
The factorization, or disentanglement, of band index
and orbital states as realized in this state, is very inter-
esting for quantum computing in semiconductors. If the
spin is used as qubit, spin-orbit coupling causes decoher-
ence and error. But if the total angular momentum is
used as qubit, spin-orbit coupling may not cause deco-
herence, as exemplified by the study here.
7VI. SPATIAL SEPARATION
We can spatially separate the electron and hole by en-
gineering the orbital envelope wavefunctions of the exci-
tonic eigenstate. The spatial separation is of significant
interest in quantum information and quantum founda-
tions. Note that the band-index, or angular-momentum,
is not coupled to the external barrier or electric field
which are used in engineer the orbital wavefunction.
If the orbital degree of freedom is “entangled” with
the band index, then engineering orbital wavefunction
also influences the band index state. Moreover, it causes
problem in whether one can measure band index state
ρbands, which is obtained by tracing out the orbital degree
of freedom. This could be a source of decoherence of the
band-index state. Other sources of decoherence include
the phonons, nuclear spins, etc.
However, as discussed in the preceding section, in the
state gS1|S1〉+gS2|S2〉, band index and orbital degrees of
freedom are separated. Hence in spatially separating the
electron and hole, the angular momentum, i.e. the band
index state is not influenced, simply like the case of spa-
tially separating an Einstein-Podolsky-Rosen-Bohm pair
which is spin-entangled. Also, it of course does not mat-
ter if the state has a ground-state component, which is
simply not affected. Therefore spin-orbit coupling does
not cause decoherence in the band-indices or angular mo-
menta in the state |Ψ〉 = gG|G〉+ gS1|S1〉+ gS2|S2〉.
In the following, we suggest a few methods of achieving
spatial separation, by exploiting various physical proper-
ties of semiconductor heterostructures [18]. One method
is to let the quantum dot or well, in which the electron-
hole pair is generated, tunnel-couple with another one or
more dots or wells. When the size of the dot or well is no
smaller than the radius of the two excitonic eigenstates,
the optical generation is not affected. After generation,
tunnelling gives rise to probability of finding electron and
hole in different dots.
It is intriguing to give some detail of the tunnelling of
the entangled state. The total Hamiltonian is H = HA+
HB+HT , where HA and HB are electronic Hamiltonians
in the two dots. The tunnelling Hamiltonian is
HT =
∑
i
∑
kµkν
(tcikµkνa
A
ikµ
†
aBikν +H.c)
+
∑
i
∑
kµkν
(t′hikµkν b
A
i−kµ
†
bBi−kν +H.c).
Because it does not change the band index, tunnelling
changes the overall state through the change of the enve-
lope function of each excitonic eigenstate independently,
from an excitonic bound state to a superposition includ-
ing the component in which the electron and hole reside
in different dots. Suppose the optically generated state is
given by (9). With tunnelling, the state can still be writ-
ten in the form of (9), with only the orbital wavefunctions
of |S1〉 and |S2〉 transformed. The band-index state re-
mains unaffected. If during the tunnelling, the magnetic
field which removes the band degeneracy is present or
absent in both dots or wells, then the two conduction
bands see a same barrier, and the two hole bands also
see a same barrier. Consequently, given Ψ1(r, r
′) and
Ψ2(r, r
′) are equal initially, they remain equal under tun-
nelling, though each becomes a delocalized superposition.
When gG = 0, this gives rise to spatial separation of the
electron and the hole in the band-index pure state (11).
Remember there is only one pair of electron and hole,
which is in a superposition state before measurement or
decoherence.
Furthermore, an electric field can localize electron
and hole in different dots or wells, due to Wannier-
Stark effect. Consequently, Ψ1(r, r
′) = Ψ2(r, r′) becomes
φA(r)φB(r
′). The electric field may either be exerted af-
ter optical generation or be present even during the op-
tical generation. The latter option, however, shifts the
resonant energies and, when the field is strong enough,
causes ionization, which then brings in the bi-excitonic
component. Note that electric field does not couple to
the band-index (angular momentum) degree of freedom,
and that the band-index state is separated from the or-
bital state, therefore the electric field does not cause the
decoherence of the band-index state.
It is interesting to study entangled electron-hole state
in a superlattice, i.e. many coupled quantum wells.
Without electric field, each excitonic state is delocalized
over a large region. By using an electric field, localization
of electron and hole with large spatial separation can be
achieved, allowing various studies of entanglement prop-
erties and quantum informational process.
Another method is to make the two excitonic eigen-
states indirect in real space, i.e. electron and hole are
confined in different sides of the heterojunction. As is
well known, this can be achieved by the so-called type-II
heterojunctions, in which the lower conduction band and
the higher hole band are on the two different sides. Such
an interface is formed by III-V compounds with both dif-
ferent group III elements and different group V elements.
VII. SUMMARY
To summarize, in the framework of quantum field
theory, we studied characterizations and optical gener-
ation of entanglement in an electron-hole system, with
the consideration of spin-orbit coupling, and have given
a theoretical account of an interesting experimental re-
sult [4]. For a many-electron system, different single par-
ticle states are distinguishable subsystems. The entangle-
ment is between occupation-numbers of different single
particle states, and is generated when the field theoretic
Hamiltonian couples different single particle basis states.
For a semiconductor, coupling with two resonant light
modes of different circular polarizations leads to a su-
perposition of ground state and the two different sin-
gle excitonic eigenstates, each of which is made up of
an electron and a hole in the corresponding conduction
and heavy-hole bands. In this state, there exists compli-
cated occupation-number entanglement, which we have
8analyzed in detail.
The Coulomb interaction is not essential in generat-
ing the occupation-number entanglement. Occupation-
number entanglement also exists in each excitonic eigen-
state, as well as its superposition with the ground state.
When the state is a superposition of only the two
single-excitonic states, the entanglement can be ac-
counted as between two distinguishable particles, each
with two degrees of freedom, band index and the orbital
degree of freedom. We find that in this state, tracing
out the orbital degree of freedom leads to a pure entan-
gled state in band-index, and vice versa. Hence in this
case, the band-index and orbital degrees freedom are sep-
arated or non-entangled, despite the spin-orbit coupling
in the Hamiltonian. This finding is interesting for quan-
tum computing in semiconductors. It suggests that the
problem of spin decoherence due to spin-orbit coupling
may be avoided by using the total angular momenta to
encode quantum information.
We also briefly propose several methods to spatially
separate the electron and the hole, which makes the
band-index entanglement nonlocal and thus allows fur-
ther manipulations. Band-index entanglement means
entanglement in both angular momenta and effective
masses. This speciality is a consequence of spin-orbit
coupling, hence is a manifestation of relativistic effect on
quantum entanglement, which is also studied in a differ-
ent context [19].
Finally, we mention that our method of characterizing
the entanglement and its generation in electron-hole sys-
tems can equally be applied to the processes proposed in
Ref. [6].
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